Abstract -We demonstrate that the interaction of loop and nonlinear Fano resonances results in a formation of hybrid resonant states in Mach-Zehnder type interferometers, providing with opportunities for an advanced phase manipulation. The nonlinear response of such structures can be greatly enhanced, leading to a low threshold 100% switching operation. We further propose one of the possible realizations based on nonlinear photonic crystal circuits, suitable for optimal all-optical switching.
Introduction. -Mach-Zehnder interferometer (MZI) is a key component in many branches of physics because of its ability to manipulate a coherent signal [1] . By coupling a resonator to the MZI can further increase the phase sensitivity of the coherent manipulation [2, 3] . The enhanced all-optical switching [2] and the bistability [4] have been demonstrated in a coupled ring-resonator Mach-Zehnder interferometer, which provides the possibility for the effective and coherent control by using a nonlinear resonator.
Recently, we have introduced the concept of MachZehnder-Fano interferometer (MZFI) [5] providing with unique physical property that can not be found in a macroscopic resonator enhanced MZI [2] [3] [4] 6] . The MZFI allows us to manipulate the interaction of different types of resonances which leads to the formation of a novel hybrid Fano-like resonant states [7] . Furthermore, the counterpart of the ring-resonator-coupled Mach-Zehnder interferometer in the microscopic scale, i.e. MZFI based on a photonics crystal (PhC) platform seems to be more promising for future application owing to small volume compared with the macroscopic resonators. Recent advantages in PhCs fabrication technology [8] , allow us to achieve ultra high-Q cavities facilitating low threshold nonlinear bistability [9] [10] [11] [12] [13] . Indeed, the manifested optical bistable state is the nonlinear Fano resonance [15] . As a result, the sys-(a) E-mail: aem124@physics.anu.edu.au Fig. 1 : (color online)(a) and (b) are the generic discrete models for the system exhibiting Fano resonance. A and B are the incoming waves, T and R are scattered amplitudes. Ci and Di are the forward and backward scattered waves. V is the coupling strength between the nonlinear Fano defect(located by M ) and the site AM in the linear chain. L and N specify the number of sites. Without loss of generality, we choose L=1 which provides the phase reference while N represents the length of MZFI arm including two junction sites.
tems supporting Fano resonances [14] [15] [16] , associated with an asymmetric scattering profile, attract a significant attention recently. It's their unique property that allows us p-1 arXiv:1201.1630v1 [physics.optics] 8 Jan 2012 to achieve an optimal high extinction ratio, large modulation depth and lowest threshold nonlinear switching [6, 17] .
The aim of this Letter is to introduce and demonstrate unique properties of the nonlinear MZFI, which originate from the excitation of the nonlinear hybrid Fano resonances. Such resonant states appear because of the interaction between MZI loop's resonance and nonlinear Fano resonances of the side-coupled defect. It provides with an enhanced nonlinear response and optimal conditions for low threshold dynamic bistability. As a particular realisation of our model we provide with a PhC circuit example, which supports our results.
Discrete nonlinear MZFI model. -We start our analysis from a generic discrete model [15] , which can describe the dynamics of MZFI like structures. By using the modified Fano-Anderson model, dynamical equations describing the nonlinear MZFI system shown in Fig. 1 (b) can be written as follows:
where ψ n represents the linear chain with complex field amplitude, ϕ d stands for the Fano defect, M gives the location of the Fano defect in the arm, k is the total number of the nearest neighbour sites in the chain(k = 3 in the Y-junction while k = 2 at the others) and we neglect the nonlocal interactions in this paper, χ (3) is the cubic nonlinear parameter, V is the coupling strength between the chain and the Fano defect, E d is the eigenfrequency of the Fano defect.
As it was demonstrated in Ref. [18] , the side-coupled Fano defect acts as an effective scattering potential, whose strength depends on the input frequency ω. In the presence of nonlinearity the effective scattering potential of the Fano defect becomes input intensity dependent, which brings extra flexibility to tune the Fano resonances of the MZFI.
To find static solutions of system (1) we employed Smatrix approach. The S-matrices of the Y-junction can be obtained by applying scattering boundary condition at three branches respectively [19] . A set of nonlinear equations which describes the stationary nonlinear response of the system is as follow:
where
As can be seen from the complex defect field X d , the nonlinearity has an effect on the phase and amplitude of the Fano defect and the corresponding strengths in turn depend on the power of the Fano defect. At the same time, the nonliear response of the Fano defect would give a feedback to the scattering waves in the arms of MZFI (read as the nonlinear scattering potential ε) of which forms a complex nonlinear resonance system. Then, such nonlinear MZFI, whose nonlinear response can not be mapped from the standard nonlinear Fano resonant system [18] , is sophisticated even in the linear region [7] .
We study two cases, where the Fano defect is placed symmetrically and asymmetrically. The detail parameters can be found in the caption of Fig. 2 . These two cases allow us to excite different sets of MZI loop's modes, which have nonzero overlap with the coupled site [7] . The scattering of the conventional Fano resonance geometry [see Fig. 1(a) ] is shown by dotted line in Fig. 2(a) as a reference. In the symmetric case, the transmission in the centre of the propagation band resembles a step-function. In such a case, the eigenfrequency of the Fano defect is in the vicinity of MZI loop's resonance, where a hybrid Fano resonance is formed. At the same time, such resonance has the highest intensity at the defect site among other resonances because of the interference of two Fano-like resonances [7] . Intuitively, the high contrast step function like transmission together with high resonant intensity of the nonlinear defect are positive factors for further enhancment of the nonlinear behaviour [20] . We, thus, investigate the nonlinear response of the system (1) at these specific resonances.
The stationary nonlinear switching of four resonances marked ω a−d (corresponding to transmission minima) in Fig. 2 (a) are shown in Fig. 2 (c) . It should be pointed out that the maximum of the Fano defect's intensity is in between the transmission dip and tip because of the sharp asymmetric line shapes [15] . We emphasize that the resonance ω d is excited due to a symmetry breaking by side-coupled Fano defect [7] and it is not the eigenfrequency of the defect. At the same time, the nonlinear response at ω a is greatly reduced by the step-function like linear transmission compared to resonance ω b and ω c . If we define a figure of merit as F oM = ∆T /P th , where ∆T = max Pin [T (P in ) − T (0)] refers to the maximum contrast of the transmission and P th represents the necessary input power to pull the transmission of the system up to 90% of the ∆T . The FoM of resonance ω a , which describes both the enhanced transmission contrast in the linear case and the reduction of the switching power, can be enhanced more than 60 times compared to a given defect support- ing conventional Fano resonance ω b [18] . The nonlinear responses at ω b and ω c are similar because they are originated from the eigenfrequency of the Fano defect.
To study the dynamical switching we employed high accuracy Crank-Nicolson method [22] with suitable absorption boundary condition [23] . The dynamic nonlinear response of the system at specified resonances is obtained by a long pulse with I = I 0 exp(−(t − t 0 ) 2 /W 2 ) sin(ωt), where W is the pulse width, ω is set at the same frequencies as ω a−d . Compared to the stationary one, the dynamic solution predicts similar nonlinear response except for the case of ω a . One can see that transmission cannot be well defined at frequency ω a above a certain threshold of the input power, indicated by the shaded region. This is caused by the modulational instability of the Fano resonances [21] , which also indicates an enhanced nonlinear response. It is similar to the modulational instability of waves scattered by a nonlinear centre [24] . Usually, it happens in the finite interval of frequencies . The stability analysis of our system with the nonlinear hybridization between Fano resonances gives similar results to the conventional nonlinear Fano resonance with the same instability regions [21] . Note here, that dynamical instability occurs independently from bistability conditions. Fano defect [see balls in Fig. 2 (b) ] leads to the double bistable operation. As can be seen from this figure, that such a detuning is not enough to initiate a bistable response for other case of ω b , ω c , and ω d . Thus, the nonlinear hybridization of various resonant states offers a unique opportunity to manipulate the nonlinear Fano resonances. According to the stationary normalized intensity of the defect [see Fig. 2 (b) ], we can obtain further nonlinear enhancement by working with ω a . Figure 3 (a) shows an enhanced bistability when the operation frequency is set at ω = −0.21. This kind of perfect bistable state benefits from the sharp step function like linear transmission and the further enhanced intensity of the nonlinear defect. The intensities of the Fano defect [see Fig. 3(b) ] which demonstrate the further enhancement of the intensity in the Fano defect are in accord with the static result [see Fig. 2(b) ]. The oscillation between two bistable state is the process that one bistable state transfers to the other one and it is the properties of the dynamical bistability [21] .
Photonic Crystal based nonlinear MZF interferometer. -Using the modified Fano-Anderson model, we have proved that the nonlinear MZFI can be considered as suitable candidate to realize the enhanced nonlinear response and manipulate the dynamical bistability. We thus suggest a PhCs platform as one of the possibilities to realize our idea, while the results above can be applied to other varieties of nonlinear discrete system. The PhC structure is shown in Fig. 4 (b) and It is formed by dielectric rods embedded in air(the radius of dielectric rods is r = 0.19a where a is the lattice constant and refractive index n = 3.14) except for the nonlinear Fano defect (polymer rod n = 1.59 and the third-order nonlinearity susceptibility of the polymer is χ (3) = 1.14 × 10 −12 cm 2 /W ). We use the nonlinear FDTD method to solve the Maxwell's equations. The bistable response shown in Fig. 4 (a) is obtained by the response of a Gaussian pulse with input frequency f = 0.373 2πc/a and duration 30 picoseconds. The profile is similar to the theoretical result in Fig. 3 . Figure 4 (b) shows the transient electric field distribution (|E| 2 ) exactly at the downward switching point (from on to off-state). Nearly perfect blocking of the input pulse demonstrates the dynamical shutting down operation by a pulse and successful suppression of the modulation instability. Both high intensities of the Fano defect and the loop are the signature of nonlinear switching involving unique hybrid Fano resonances in the MZFI [7] . The transmission contrast can be further enhanced by careful engineering the interaction between the eigen-Fano resonance and the MZI loop's resonance which takes place exactly at the propagation band center.
Conclusions. -In conclusion, we have investigated the interaction of loop and side-coupled Fano resonances in nonlinear MZFI type structures. By introducing nonlinear Fano defects we are able to excite "dark" states of pure MZI, which results in the formation of very narrow hybrid resonant states. Both stationary and dynamic studies convince the superiority of enhanced nonlinear response and dynamical bistability in nonlinear MZFI. Our direct numerical simulations of two-dimensional PhCs confirm the theoretical predictions of the dynamic characteristics. We anticipate that such structures can be realized on different platforms for ultra-high sensitive sensing operations. The idea of nonlinear Fano resonances hybridization can also be generalized to the other nanoscale structure. Particularly, in the new emerging field of plasmonics and metamaterial where the electromagnetic wave is confined in subwavelength scale, such nonlinear resonance interaction could be a basic physical idea for designing the logic devices. * * *
